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Abstract Most soft tissues possess an oriented archi-
tecture of collagen fiber bundles, conferring both
anisotropy and nonlinearity to their elastic behavior.
Transverse isotropy has often been assumed for a subset
of these tissues that have a single macroscopically-
identifiable preferred fiber direction. Micro-structural
studies, however, suggest that, in some tissues, collagen
fibers are approximately normally distributed about a
mean preferred fiber direction. Structural constitutive
equations that account for this dispersion of fibers have
been shown to capture the mechanical complexity of
these tissues quite well. Such descriptions, however, are
computationally cumbersome for two-dimensional (2D)
fiber distributions, let alone for fully three-dimensional
(3D) fiber populations. In this paper, we develop a new
constitutive law for such tissues, based on a novel
invariant theory for dispersed transverse isotropy. The
invariant theory is derived from a novel closed-form
‘splay invariant’ that can easily handle 3D fiber popu-
lations, and that only requires a single parameter in the
2D case. The model fits biaxial data for aortic valve

tissue as accurately as the standard structural model.
Modification of the fiber stress–strain law requires no
reformulation of the constitutive tangent matrix, making
the model flexible for different types of soft tissues. Most
importantly, the model is computationally expedient in a
finite-element analysis, demonstrated by modeling a
bioprosthetic heart valve.

1 Introduction

Constitutive modeling of soft tissues is an important
prerequisite for the computational analysis of the
systems-level response of biological structures to ap-
plied loads and pressures. Computational modeling in
many cases is the only way, short of implantation, to
evaluate the mechanical response of tissues to the full
3D mechanical environment seen in vivo. Moreover,
computational modeling permits the analyst to directly
query the relationship between structure and stress,
and to explore the design space of newly proposed
implants, bioprostheses or tissue-engineered constructs.
Numerical models of tissue systems can be computa-
tionally intensive. This is particularly true of tissues
that require complex material models, and systems
that involve fluid–structure interactions. The material
models used in these systems must not only be accu-
rate, they must also be computationally efficient.

The past few years have seen an increased interest in
nonlinear continuum mechanics as a framework for
describing themechanical behavior of soft tissues.The now
well-established mathematics of this field provides a per-
spective from which rigorous, thermodynamically-rea-
sonable constitutive equations can be proposed—a
characteristic thatwas lacking inmany earlier ad hoc tissue
descriptions. The geometric and material nonlinearities
seen in tissuesfitwell into this framework, andanisotropy is
readily handled by the theory of invariants (Spencer 1972).
In addition, constitutive equations posed within this
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framework can call upon developed computational tech-
niques, permitting the exploration of tissue-level and or-
gan-level mechanics involving finite deformations. An
excellent reference for both nonlinear continuum
mechanics and related variational principles, as they apply
to soft tissues, is the textbook by Holzapfel (2000).

Structural constitutive equations that view soft tissues
as statistically-oriented distributions of fibers come froma
different tradition based on the experimental observation
of fiber dispersion, or splay. For example, Sacks (2003)
showed a correlation between the intensity distribution of
the small-angle light scattering of bovine pericardium and
both fiber orientation and dispersion. Similarly, Holzap-
fel et al.(2002) showed that smooth muscle cells in arterial
media are statistically oriented around two opposing
helical directions. From these cellular orientations, col-
lagen fiber orientations were inferred. An earlier obser-
vation of fiber dispersal in bovine pericardium was
documented byZioupos andBarbenel (1994). The need to
account for fiber dispersion architectures when modeling
soft tissueswas first addressed byLanir (1983). Since then,
structural models with dispersion have been proposed for
passive myocardium (Horowitz et al. 1988), lung (Mi-
jailovich et al. 1993), heart valves (Sacks 2000), aorta
(Wuyts et al. 1995), and tendon and ligament (Hurschler
et al. 1997). To model fiber splay, both the von Mises
(Hurschler et al. 1997) and Gaussian (Sacks 2000) distri-
butions have been adopted.

Mathematically, the inclusion of such probability
distribution functions into constitutive models presents
little challenge, but computationally, they are cumber-
some. The probability density function acts as a
weighting function in the fiber stress–strain rule.
Functionally, in the 2D case, this can be represented as

Sþ pC�1 ¼
Zp=2

�p=2

Sf ðh;CÞRðhÞa0 � a0ðhÞdh; ð1Þ

where S is the second Piola-Kirchhoff stress, C is the
Lagrangian metric, p is a Lagrange multiplier to force
the constraint of incompressibility, Sf (h, C) is a fiber
stress–strain rule, R(h) is a probability distribution
function, and a0 � a0ðhÞ governs the orientation of a
fiber family in the 2D plane. What is important to note is
that the product of fiber stress and the weighting
function must be integrated over a full semi-circle in the
2D case, Eq. 1, or an equivalent hemisphere in the 3D
case. These integrals have traditionally been evaluated
numerically. Numerical experiments on one such equa-
tion for mitral-valve tissue suggested that 18 discrete
intervals were necessary to capture the full range of
constitutive behavior (Einstein 2002). This is mechani-
cally equivalent to having 18 weighted fibers in the
plane. A single integral of this kind in the constitutive
equation implies that two integrals need to be evaluated
in the constitutive tangent matrix. Likewise, 3D fiber
dispersion would require two integrals to be evaluated
for stress, and four for the constitutive tangent matrix.

In the computational model, these operations are
evaluated at every iteration, of every time step, at every
Gauss point, for every finite element, in some geometric
model of interest.

In this paper, we develop an alternative constitutive
construction for tissues whose collagen fiber populations
are statistically distributed. To address the problem of
computational cost, the integral in Eq. 1 is replacedwith a
novel closed-form ‘splay invariant’ that requires a single
parameter in the 2D case, and a single operation per
iteration. To evaluate the model, we compare its correla-
tive capability against published biaxial data for aortic
valve tissue. In addition, we compare the capabilities of
our model against those of a published structural model
(Billiar and Sacks 2000b; Einstein 2002) based on the
paradigm in Eq. 1 and which fits the data quite well.

2 Theory

Select a rectangular Cartesian coordinate system de-
scribed by a set of orthonormal base vectors fe1; e2; e3g:
Consider a mass point originally given by the set of
coordinates X ¼ ðX1;X2;X3Þ assigned at an arbitrary
reference time of t0. At current time t, this mass element
is located by a different set of coordinates
x ¼ ðx1; x2; x3Þ: Let the motion of this mass point
through space be described by a one-parameter family
(in time) of locations considered to be continuous and
sufficiently differentiable to allow for the definition of a
deformation gradient tensor

Fðt0; tÞ ¼ Fijðt0; tÞei � ej with components

Fijðt0; tÞ ¼
@xi

@Xj
; ð2Þ

where � is the dyadic vector product, and indices i and j
have values 1, 2, 3. The ability to invert this field, guar-
anteed by the conservation of mass, (i.e., F�1ðt0; tÞ ¼
F �1ij ðt0; tÞei � ej with components F�1ij ðt0; tÞ ¼ @Xi=@xj

and characteristic F�1F ¼ FF�1 ¼ I; where I is the
identity tensor) ensures that a given particle cannot oc-
cupy two locations at the same instant of time, and that
two discrete particles cannot occupy a single location at
any moment of time.

Affiliated with the deformation gradient tensor
defined in Eq. 2 are the left- and right-deformation
tensors 1 defined by

1Tensors B ¼ FFT ¼ V2 and C ¼ FTF ¼ U2 are often referred to
as the left and right Cauchy–Green deformation tensors, respec-
tively, because V and U are called the left- and right-stretch tensors,
so named because of the polar decomposition F = VR = RU
wherein RRT=I. We prefer to call B and C the left- and right-
deformation tensors. Historically, Cauchy (1827, pp 60–69), used
B�1 (sometimes expressed as c) and Green (1841) used C, while
Finger (1894) introduced their duals, B (sometimes expressed as b)
and C�1. Therefore, naming these fields after Cauchy and Green
seems an injustice to Finger, especially since Finger introduced B
into the literature.
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B ¼ FFT and C ¼ FTF ð3Þ

respectively, where ‘T’ implies transpose (e.g., Bij ¼ FikFjk
and Cij ¼ FkiFkj with the repeated index k being summed

from 1 to 3 in the usual manner). Inverses B�1 and C�1

exist because the tensor fields B and C are symmetric
positive-definite. The left-deformation tensor Bðx; t0; tÞ ¼
Bijðx; t0; tÞei � ej appears in Eulerian constructions,
while the right-deformation tensor CðX; t0; tÞ ¼
CijðX; t0; tÞei �ej appears in Lagrangian constructions.

2.1 Invariants

Consider a vector a0ðX; t0Þ ¼ a0iðX; t0Þei of length
a0 � a0 ¼ a0ka0k ¼ 1 that lies tangent to a material line of
strength (e.g., a fiber) in the reference state t0. After a
deformation, this material line will have stretched by an
amount k (t0,t) that is quantified by k2 ¼ a0�
Ca0 ¼ a0kCk‘a0‘: As such, there exists a spatial vector
aðx; t0; tÞ ¼ aiðx; t0; tÞei with L2 norm k a k2¼

�
a � a

�
¼ k

that in the deformed state t of Green’s metric C relates
to material vector a0 via the mapping a = F a0.

From the classic theory of invariants (Spencer 1972),
there are five invariants that are needed to describe a
material with transverse isotropy (i.e., a material with a
single fiber family); they are:

II ¼ trC; III ¼
1

2
ððtr CÞ2 � trðC2ÞÞ;

IIII ¼ det C ¼ ðdet FÞ2;
ð4Þ

IIV ¼ a0 � Ca0 ¼ a � a ¼ k2; IV ¼ a0 � C2a0 ¼ a � Ba;
ð5Þ

where tr C=Ckk is the trace of C, and det C ¼
1
3 trC3 � tr C½ðtr CÞ2 � 3tr C2�
n o

denotes its determi-

nant. The three invariants in Eq. 4 account for isotropic
effects, while the two invariants in Eq. 5 account for
anisotropic effects.

Invariants IIV and IV idealize all fibers in a family as
being parallel, which is not indicative of soft biological
tissues. The fiber architectures of soft tissues are splayed.
We, therefore, seek an alternative pair of invari-
ants—call them I IVh i and I Vh i—that can replace IIV and

IV for dispersed fiber architectures, yet analytically
reduce to IIV and IV in the absence of fiber dispersion. It
is sufficient to define these new invariants as

I IVh i ¼ trðFKFTÞ ¼ trðKCÞ and IhVi ¼ trðCKCÞ;
ð6Þ

where KðXÞ ¼ KijðXÞei � ej is constrained so that K!
a0 � a0 in the absence of splay. Tensor K is a material
constant. The main objective of this paper is to derive
such a K appropriate for describing the anisotropy
caused by fiber dispersion.

2.2 Elasticity

The strain-energy density per unit mass, when written in
the Lagrangian frame, is given by (Lodge 1974, pp 194–
195)

dW ¼ 1

2.0
trðS dCÞ; ð7Þ

where dW ðX; t0; t; dtÞ represents the work done on a
material element of mass density . ¼ .ðx; tÞ; with .0 ¼
.ðX; t0Þ: Work is caused by an imposed displacement
acting on the mass element, manifested here as the strain
increment 1

2 dCðX; t0; t; dtÞ:The material responds to this
displacement through the creation of forces, thereby
producing a state of stress S(X; t0, t).

The second Piola-Kirchhoff stress tensor S pushes
forward into the Eulerian frame (Holzapfel 2000, pp 82–
84) becoming the Cauchy stress tensor T(x;t) via the
well-known mapping T ¼ .=.0ð ÞFSFT: Formula
.=.0 ¼ det F follows from the conservation of mass.
Green strain E (X; t0, t), defined by E ¼ 1=2ð ÞðC - lÞ; has
an incremental change dE (X;t0,t,dt) of dE ¼ 1=2ð ÞdC ¼
FTÊF; wherein F(t0,t) and Êðx; t; t þ dtÞ ¼ 1=2ð ÞðĈ � lÞ
with Ĉðx; t; t þ dtÞ ¼ F̂

T
F̂ given F̂ ijðt; t þ dtÞ ¼

@xiðt þ dtÞ=@xjðtÞ where F̂ðt; t þ dtÞ ¼ F̂ ijðt; t þ dtÞei�ej;
with dE appearing in .0dW ¼ trðS dEÞ:

An elastic solid is defined by the constitutive law
(Leonov 2000)

S ¼ 2.0
@W ðT ;CÞ

@C
; ð8Þ

with an isochoric constraint of det F=1 also applying
whenever the material is incompressible. Thermody-
namics requires W to be a function of both temperature
T and deformation C. Because the human body main-
tains a nearly isothermal state, the temperature depen-
dence of tissues is usually neglected in their analysis. The
strain-energy density W will also depend on any number
of material constants that may appear as scalar, vector
or tensor fields.

Adopting the invariants in Eqs. 4 and 6 as our
integrity basis, the general constitutive equation for a
transversely isotropic elastic solid with splay, when
expressed in the Lagrangian frame, yields the
constitutive equation2

S = W,I þ IIW ;II

� �
I �W ;IIC + IIIIW ;IIIC

�1

þW ; IVh iK + W ; Vh i CKþKCð Þ; ð9Þ

that, when pushed forward into the Eulerian frame,
becomes

2The following well-known tensor derivatives are useful in the
derivation of constitutive formulae:
@ tr Z

@Z
¼ l;

@ tr Z�1

@Z
¼ �Z�TZ�T; @ det Z

@Z
¼ detðZÞZ�T;

det Z 6¼ 0:
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s ¼ ðW,I þ IIW ;IIÞB�W ;IIB
2 þ I;IIIW ;IIIlþW ;hIViA

þW ;hViðBAþABÞ;

where inW,I ¼ 2.0@W =@II; etc., and Aðx; t0; tÞ ¼ FKFT:
Tensor sðx; t0; tÞ ¼ .0=.ð ÞT is known as the Kirchhoff
stress tensor.

It is a straightforward matter to extend any,
existing, transversely isotropic, integrity basis (e.g.,
Criscione et al. 2001) into an equivalent basis that ac-
counts for splay by applying an appropriate mapping.
For example, if the classic integrity basis II; III; IIII;f
IIV; IVg maps into some other basis bI; bII; bIII; bIV; bVf g
by a known mapping, then using II; III; IIII; IhIVi; IhVi

� �
in place of II; III; IIII; IIV; IVf g will produce bhIi; bhIIi;

n
bhIIIi; bhIVi; bhVig for its splay invariants.

The challenges that lie ahead are: (1) to establish a
tensor field K that is appropriate for splayed fiber
architectures, and (2) to arrive at a simple set of five
scalar-valued gradients fW ;I;W ;II;W ;III;W ;hIVi;W ;hVig
that allows Eqs. 9, 10 to aptly describe some known set of
experimental data.

3 Anisotropic stiffness

For the purpose of assessing the effect of fiber
orientation on stiffness, it is useful to switch from the
global coordinate system (1, 2, 3) with base vectors
e1; e2; e3f g to a local or intrinsic coordinate system (a, b,

c) with base vectors fea; eb; ecg: These local coordinates
are selected so that the unit vector in the a-direction (i.e.,
ea) lies coaxial with the mean direction of fiber orienta-
tion a0, while the unit vectors in the b- and c-directions
lie in the transverse plane. Because both the intrinsic and
global coordinate systems are considered to be rectan-
gular Cartesian, there exists an unique, orthogonal,
rotation matrix Q such that

e1 ¼ Qea; e2 ¼ Qeb; e3 ¼ Qec; ð11Þ

where QTQ=l with detQ ¼ l: Matrix Q represents a
rigid-body rotation.

3.1 Two-dimensional splay invariants

For transversely isotropic 2Dmembranes, the unit vector
ef in the intrinsic coordinate frame that locates a specific
fiber tangent within a given fiber distribution is described
via polar coordinates

ef ðhÞ ¼ cosðhÞea þ sinðhÞeb; ð12Þ

where angle h orients ef with respect to the mean-fiber
direction ea (i.e., to a0) in the plane of a membrane
(viz., the ab plane).

We adopt the Gaussian formulation primarily
because it allows analytic solutions (cf. Appendix 1, 2).
The cosine of the angle between the mean-fiber direction
ea and that of an individual fiber ef is given by the inner

product ea � ef ; which from Eq. 12 is just cosh. The
Gaussian distribution governing a single fiber family
(i.e., transverse isotropy), when expressed in the local
coordinate system (a, b, c) with base vectors ea; eb; ec

� �
;

is therefore simply

1

r
ffiffiffiffiffiffi
2p
p exp

�h2

2r2

� 	
;

with r being a standard deviation in the angle of fiber
dispersion about the mean-fiber direction ea. Because the
local coordinate direction ea is coincident with the mean-
fiber direction a0, there is no angle between ea and a0,
and as such, the mean angle for this distribution, which
is usually denoted by l, is identically zero—a direct
consequence of selecting the intrinsic coordinate system
that we did.

In the spirit of Lanir (1983), we propose the following
definition for our fourth invariant for 2D splay:

IhIVi ¼
Zp=2

�p=2

expð�h2=212Þ
1
ffiffiffiffiffiffi
2p
p

erfðp=2
ffiffiffi
2
p

1Þ
ef ðhÞ �QTCQef ðhÞdh;

ð13Þ

where 1 is akin to r, except that 1 is not a standard
deviation whose units are radians; 1 is a phenomeno-
logical parameter. A like expression with C2 replacing
C defines IhVi: The error function erf(x) is introduced
into these formulae for reasons that are made clear
later in Sect. 3.3. These invariants satisfy the required
limits: lim1!0 IhIVið1Þ ¼ IIV and lim1!0 IhVið1Þ ¼ IV; no
constraint is imposed a priori on their limits as 1!
1: In Eq. 13, the right-deformation tensor C is
rotated into the local coordinate frame (a, b, c) by the
mapping QT CQ, or equivalently, the fiber tangent
vector ef is rotated into the global coordinate frame
(1,2,3) by the mapping Qef, in accordance with Eq. 11.

3.2 Three-dimensional splay invariants

For transversely isotropic 3D tissues, ef is located via
spherical coordinates

ef ðh;/Þ ¼ cosðhÞea þ sinðhÞðcosð/Þeb þ sinð/ÞecÞ; ð14Þ

based on the geometry presented in Fig. 1. Here, angles
h and / orient ef with respect to the mean-fiber direction
ea of the embedded frame.

For 3D splay with transverse isotropy, our fourth
invariant is defined by

IhIVi ¼
Z2p

0

Zp=2

�p=2

expð�h2=212Þ
1ð2pÞ3=2erfðp=2

ffiffiffi
2
p

1Þ
ef ðh;/Þ

�QTCQef ðh;/Þdhd/: ð15Þ
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A like formula with C2 replacing C defines IhV i: The
Gaussian distribution is independent of / in these
invariants, because of an assumption of isotropy in the
transverse plane. Once again, lim1!0 IhIV ið1Þ ¼ IIV and
lim1!0 IhV ið1Þ ¼ IV :

The fact that a right circular cone is used to describe
the angular dispersion of individual fibers implies a ra-
dial symmetry in the transverse plane, which is consis-
tent with the notion of transverse isotropy. An elliptic
cone could be employed if radial symmetry were deemed
inappropriate. We will discuss this case later on, but we
do not derive it.

3.3 Intrinsic anisotropic stiffness

We postulate the existence of a material-constant tensor
field that we denote as jðQTXÞ ¼ jlmðQTXÞel � em;where
el ¼ QTei and em ¼ QTej; which serves as a relative
(i.e., normalized) stiffness tensor associated with the
anisotropic facets ofmaterial geometry. For 2D splay, this
field is given by

jð1Þ ¼
Zp=2

�p=2

expð�h2=212Þ
1
ffiffiffiffiffiffi
2p
p

erfðp=2
ffiffiffi
2
p

1Þ
ef � ef ðhÞdh; ð16Þ

and for 3D splay with transverse isotropy, it is given by

jð1Þ ¼
Z2p

0

Zp=2

�p=2

expð�h2=212Þ
1ð2pÞ3=2erfðp=2

ffiffiffi
2
p

1Þ
ef � ef ðh;/Þdhd/;

ð17Þ

where the global anisotropic material stiffness K intro-
duced in Eq. (18) relates to its intrinsic counterpart j via

K ¼ QjQT: ð18Þ

Both of these j tensors obey the required property:
lim1!0 Qjð1ÞQT ¼ a0 � a0; and both of the j tensors are
symmetric; therefore, their affiliated K tensors are sym-
metric too. Analytic solutions to Eqs. 16, 17, and 18 are
provided in Appendices 1, 2, respectively. The ability to
analytically solve for the anisotropic stiffness K means
that this theory will be efficient when implemented into
finite-element codes. In contrast, the models of
Hurschler et al. (1997), Sacks (2000), and Einstein (2002)
all require a numeric integration of splay, which is more
costly to implement.

The coefficient 1=erfðp=2
ffiffiffi
2
p

1Þ is introduced into
Eqs. 16 and 17 to force the trace of j (and therefore of
K) to equal the trace of a0 � a0 (viz., trða0 � a0Þ ¼ 1),
which is the only non-zero invariant of tensor a0 � a0:
Alternatively, this coefficient can be viewed as that
scaling factor which is required to change the limits of
integration from

R1
�1 to

R p=2
�p=2 in the Gaussian distribu-

tions present in these formulae. Viewed this way, it is the
presence of possibly non-zero second and/or third
invariants for K that distinguishes K from a0 � a0:

3.3.1 An approximation

The non-zero components of the analytic solutions to
the intrinsic stiffness tensors listed in the appendices are
expressed in terms of error functions with complex
arguments (e.g., erf(z), z 2 C). Because this function is
not found in most, standard, computer, math libraries,
we introduce a simple approximation to the analytic
results derived in these appendices that one can readily
employ; it being,

jð1Þ½ �½ �lm

�
1
2 ðlþ e�21

2Þ 0 0

0 f
2 ðl� e�21

2Þ 0

0 0 1�f
2 ðl� e�21

2Þ

2
64

3
75;

0 � f � 1;

ð19Þ

which is in keeping with the constraint that tr j ¼ 1:
Parameters f =0 and f =1 apply to 2D splay with the
normal to the membrane being in the b- and c-direc-
tions, respectively, while f ¼ 1

2 applies for 3D splay
with transverse isotropy. Splay will be orthotropic
whenever f 6¼ 1

2 ; specifically, we conjecture, but do not
prove, that there will be an elliptic symmetry in the
transverse plane.

The analytic (Appendix 1) and approximate (Eq. 19)
solutions for j are contrasted in Fig. 2 for 2D splay,
while the formulae in Appendix 2 and Eq. 19 are con-
trasted in Fig. 3 for 3D splay with transverse isotropy.
As a result, one can easily justify using the approximate
solution stated in Eq. 19 over its analytic counterparts
derived in the appendices, especially since selecting a
Gaussian distribution to describe fiber dispersion was an
assumption in the first place.

e
f
( , φ )θ

θ

)φ,(
f

e θ φ

0a

1

2

3

α

β

γ

α

β

γ

α

β

γ

Fig. 1 The diagram on the left relates the global coordinates (1,2,3)
to the local coordinates (a , b , c), selected so that the mean-fiber
direction a0 in the Lagrangian frame aligns with the a-axis. The
diagrams on the right illustrate how the unit vector ef for a specific
fiber within a fiber distribution of a 3D tissue is oriented with
respect to the mean-fiber direction a0 via angles h and /
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Substituting Eq. 19 into Eq. 18 quantifies the
anisotropic stiffness matrix K that appears in the elastic
model of Eqs. 9 and 10 and its associated invariants in
Eq. 6.

4 Elasticity for finite elements

Soft tissues are generally considered to be incompressible
or nearly incompressible. In a finite-element analysis that
involves incompressibility, a standard displacement based
interpolation method leads to ill-conditioning of the
numerics (Malkus and Hughes 1978). Anticipating
like difficulties, following Flory (1961), we seek to
decouple pressure from displacement. This decoupling is
compatible with two-field displacement-pressure inter-
polations that avoid volumetric locking in particular, and
numerical ill-conditioning in general.

Adopting the approach and notation of Simo and
Hughes (1998, pp 358–364) we define

J ¼ det F ¼ .0
.
; �F ¼ J�1=3F; �C ¼ �FT�F; �B ¼ �F�F T

;

ð20Þ

so that det �F ¼ 1; and therefore, det �B ¼ det �C ¼ 1: The
strain-energy density W is hypothesized to decouple as
(Holzapfel and Weizsäcker 1998)

.0W ðCÞ ¼ fWðJÞ þWð�CÞ þ cWðK; �CÞ; ð21Þ

where fW ;W and cW are the dilational, distortional-
isotropic and distortional-anisotropic strain energies,
respectively.

The above definitions allow the general constitutive
equation for elasticity stated in Eq. 8 to be recast as
(Simo and Hughes 1998, p 360)

S ¼ J
@ fWðHÞ
@H

C�1

þ 2J�2=3 DEV
@Wð�CÞ
@ �C


 �
þDEV

@ cWðK; �CÞ
@ �C

" # !
;

ð22Þ

so that, when pushed forward into the Eulerian frame, it
becomes

s ¼ J
@ fWðHÞ
@H

I

þ 2 dev �F
@Wð�CÞ
@ �C

�FT


 �
þ dev �F

@ cWðK; �CÞ
@ �C

�FT

" # !
;

ð23Þ

wherein

DEV½�� ¼ ð�Þ � 1

3
tr
�
ð�ÞC

�
C�1 and

dev½�� ¼ ð�Þ � 1

3
trð�ÞI

ð24Þ

are the respective Lagrangian and Eulerian deviatoric
operators. Tensors �F and JI are the deviatoric (volume
preserving) and dilational (volume changing) parts
of the deformation gradient F, respectively. Although
H ” J in a mathematical sense, we follow the admoni-
tion of Simo and Hughes and maintain their distinction,
to remind ourselves that displacement and pressure are
to be interpolated separately in finite-element codes
suitable for soft-tissue analysis.

4.1 A simple model

The spherical strain-energy model advocated by Simo
and Taylor (1991) is
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Fig. 3 Plots of relative stiffness versus fiber dispersion parameter 1
for transversely isotropic 3D splay, as determined by Eq. 19 with
f=1/2 for the approximate solutions, and by Eqs. 54 and 55 for the
analytic solutions
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Fig. 2 Plots of relative stiffness versus fiber dispersion parameter 1
for 2D splay, as determined by Eq. 19 with f=1 for the
approximate solutions, and by Eqs. 49 and 50 for the analytic
solutions
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cWðHÞ ¼ j
1

2

1

2
ðH2 � 1Þ � lnH

� 	
; ð25Þ

where j is the bulk modulus. Many functional forms
have been advanced over the years for quantifying
dilatation. Equation 25 is recommended because it is a
convex function3 (Hartmann and Neff 2003), and
because its gradient leads to a second-order accurate
approximation of the Hencky (1928) definition for
dilatation 4 (Freed 2004). Equation 25 is appropriate for
the mean-dilation integration schemes used in some
finite-element codes.

Equation 25 does not, however, fit the constraint
criteria of the u/p finite-element scheme advocated by
Sussman and Bathe (1987). Thus, if this interpolation
scheme is adopted, then

cWðHÞ ¼ j
1

2

�
J � 1

�2
; ð26Þ

ismandated as the dilational strain-energymodel. In these
codes there is no distinction made between J and H.

Seeking an isotropic contribution to the deviatoric
strain energy with attributes akin to those affiliated with
the dilational part (viz., a convex function whose gra-
dient produces a second-order accurate approximation
of true strain), we assign

2Wð�CÞ ¼ l
1

4

�
tr�Cþ tr �C�1 � 6

�
; ð27Þ

where l is the shear modulus, with �C�1 ¼ �C2�
�

tr �C
� �

�Cþ 1
2 tr�C
� �2�tr�C2
h i

Ig= det �C from the Cayley–

Hamilton theorem. Tensor �C�1 exists because det �C

¼ 1; consequently, III �C
� �
¼ 1

2 tr�C
� �2�tr�C2
h i

¼ tr�C�1 ¼
II �C�1
� �

; which appears above. A Mooney (1940) mate-
rial has different material constants assigned to invari-
ants tr�C and tr�C�1; in general, and in this sense, our
model is a Mooney material of special form whose
constants are equal. Equation 27 has one material
parameter, viz., l; the Mooney material has two
parameters; other models have even more. Here, we seek
simple relations with respect to the number of unknown
material parameters.

For an anisotropic contribution to the deviatoric
strain energy, going back to the precept that energy is the
area under a force/displacement curve, we advocate that

cWðK; �CÞ ¼
Z½trðK�CÞ�1=2

1

rðkÞdk; ð28Þ

where the fiber stress r is allowed to be an arbitrary
function of fiber stretch k; it is generally nonlinear in

biological tissues. The upper limit of integration is the
fourth invariant, as it pertains to the deviatoric part of
the deformed state. In order for this strain-energy
function to be convex, it is necessary that EtðkÞ > reðkÞ
for all k>0, wherein

EtðkÞ ¼
drðkÞ
dk

and reðkÞ ¼
rðkÞ
k
; ð29Þ

which are the tangent modulus and engineering
stress, respectively, of a fiber whose stretch k is quanti-
fied by

k ¼ tr K�C
� �� �1=2¼ tr �FK�FT

� �� �1=2
: ð30Þ

A physiologically based material model for r(k) has
recently been derived by Freed and Doehring (2005) that
applies to crimped collagen fibers, which we have
extended to meet our needs in Appendix 3

Substituting the strain energies of Eqs. 25, 27, and 28
into Eq. 22 produces an elastic constitutive model suit-
able for soft-tissue mechanics that when expressed in the
Lagrangian frame becomes

S ¼ jJ
1

2
H�H�1
� �

C�1 þ lJ
�2
3 DEV

1

4
I� �C�2
� �
 �

þ reðkÞJ
�2
3 DEV½K�;

ð31Þ

or equivalently, when substituted into Eq. 23, becomes

s ¼ jJ
1

2
H�H�1
� �

Iþ l dev
1

4
�B� �B�1
� �
 �

þ reðkÞdev �FK�FT
� 

; ð32Þ

when expressed in the Eulerian frame. The strain
measure 1

2 H�H�1
� �

is a second-order accurate
approximation of Hencky’s dilational strain field
ln det F; while the strain tensor 1

4 ð�B� �B�1Þ is a second-
order accurate approximation of the distortional true-
strain field ln �V:

4.2 Tangent moduli

The relationship between S and C in Eq. 31 is nonlinear.
To obtain a finite-element solution with an iterative
Newton-type solution process, that relationship must be
linearized with respect to an incremental displacement.
This involves the specification of a tangent modulus
C ¼ Cijk‘ei � ej � ek � e‘—a fourth-rank tensor not to
be confused with the second-rank right-deformation
tensor C ¼ Cijei � ej: To obtain this tangent, stress S is
linearized over some interval ½tn; tnþ1� such that
Snþ1 ¼ Sn þ CnDE with DE ¼ Enþ1 � En ¼ 1

2

�
Cnþ1�

Cn
�
¼ FT

n Êðxn; tn; tnþ1ÞFn: Said differently, the tangent
modulus corresponds to the slope affiliated with a for-
ward-Euler integration step, and since it depends on step
number n, it needs to be re-evaluated at each step along
the solution path.

3 @2 fW=@H2 ¼ 1
2 jð1þH�2Þ > 0, as H>0 due to the conservation

of mass
4 e ¼ ln det F � 1

2 ðdet F� det F�1Þ
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Tensor Cn ¼ 2@S=@Cn ¼ 4.0@
2W =@Cn@Cn defines the

tangent modulus in the Lagrangian frame, which can be
pushed forward, component by component, into an
Eulerian frame according to the mapping
cn

ijk‘ ¼ F n
iI F n

jJ F n
kKF n

‘LC
n
IJKL at the nth time step that when

applied to the next step becomes the tangent modulus of
an updated Lagrangian frame. Constructing the
components of Cn in Voigt notation is addressed in
Appendix 4.

From Eq. 21, suppressing the subscript n designating
step number, the tangent modulus takes on the form

C ¼ eCðHÞ þ Cð�CÞ þ bCðK; �CÞ; ð33Þ

where, through an application of the chain rule, one
obtains

eC ¼ 4
@2 fWðHÞ
@C@C

¼ 4

 
@2 fWðHÞ
@H2

@H
@C
�@H
@C
þ@

fWðHÞ
@H

@2H
@C@C

!
;

C¼ 4
@2Wð�CÞ
@C@C

¼ 4

  
@ �C

@C

!T

:
@2Wð�CÞ
@ �C@ �C

:
@ �C

@C
þ@Wð

�CÞ
@ �C

:
@2 �C

@C@C

!
;

bC;¼ 4
@2 cWðK; �CÞ
@C@C

¼ 4
@ �C

@C

� 	T

:
@2 cWðK; �CÞ
@ �C@ �C

:
@ �C

@C
þ
@ cW�K; �C�

@ �C
:
@2 �C

@C@C

 !
;

ð34Þ

with (cf., Holzapfel 2000, p 229)

@ �Cij

@Ck‘
¼ J�2=3 IikIj‘ �

1

3
CijC�1k‘

� 	
; ð35Þ

and

@2 �Cij

@Ck‘@Cmn
¼ 1

3
J
�2
3

 
Cij

 
C�1km C�1‘n þ

1

3
C�1k‘ C�1mn

!

� IikIj‘C�1mn � C�1k‘ IimIjn

!
; ð36Þ

written in component form.
For the preferred volumetric strain energy in Eq. 25,

which can be implemented into finite-element codes that
use a reduced/selective integration scheme (Malkus and
Hughes 1978), one arrives at the following pressure
tangent modulus 5

eC ¼ 2j
�
1þH�2

� @H
@C
� @H
@C
þ
�
H�H�1

� @2H
@C@C

� 	
;

ð37Þ

where the gradients @H=@C� @H=@C and @2H=@C@C
are handled by the element technology of the particular
finite element being employed. Alternatively, in an u/p
formulation (Sussman and Bathe 1987), the pressure
tangent modulus corresponding to Eq. 26 is given by6

eC ¼ jJ
�

JC�1� C�1

þ ð1� JÞ
�
2C�1� C�1 � C�1� C�1

��
; ð38Þ

where now the gradients @H=@C� @H=@C and @2H=
@C@C are handled by us, the constitutive developers, as
there is no distinction made between H and J in these
codes.

The isotropic tangent modulus corresponding to Eq.
27 is determined to be

C¼ l
n

J
�2
3

h
C�1 � C�2� 1

3

�
C�1�C�2þC�2�C�1

�

þ 1

9

�
trC�1

�
C�1�C�1

i
þ 1

6

h�
J
�2
3 trC� J

2
3trC�1

�

	
�
C�1�C�1þ 1

3
C�1�C�1

�
�C�1�

�
J
�2
3 I� J

2
3C�2

�
�
�
J
�2
3 I� J

2
3C�2

�
�C�1

io
:

ð39Þ

All three tensor dyadic operators are present in this
result, viz., �; � and �:

Lastly, the anisotropic tangent modulus correspond-
ing to ‘Eq. 28 is given by

bC ¼ J�2=3
n�

EtðkÞ � reðkÞ
��

J
�2
3 k�2K�K

� 1

3

�
K� C�1 þ C�1�K

�
þ 1

9
J

2
3k2C�1� C�1

�

þ 2

3
reðkÞ

�
J

2
3k2
�
C�1� C�1 þ 1

3
C�1� C�1

�

�K� C�1 � C�1�K
�o
;

ð40Þ

which utilizes tensor dyadic operators� and�;but not�:

5 Collagen models

The fiber tangent modulus Et(k) and engineering stress
re(k) present in Eq. 40 are defined in Eq. 29, whose

5These tensor gradients are useful when deriving the subsequent
tangent moduli:
@Z
@Z ¼ I� I; @Z�1

@Z ¼ �Z
�1 � Z�1; Z ¼ ZT; det Z 6¼ 0;

where ðZ�1� Z�1Þijk‘ ¼ 1
2

�
Z�1ik Z�1j‘ þ Z�1i‘ Z�1jk

�
in the notation of

Holzapfel (2000, p. 254).

6The outer-dyadic tensor product ðA� BÞijk‘ ¼ AijBk‘; and the in-
ner-dyadic tensor product ðA�BÞijk‘ ¼ 1

4 ðAikBj‘þ Ai‘Bjk þ AjkBi‘þ
Aj‘BikÞ; are established in Appendix 4. Whenever A and B are the
same tensor field—say, A—then the inner-dyadic product A�A
simplifies to A�A;i.e., A�A ¼ A�A:
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stretch k is established in Eq. 30. It is worth noting that
the terms in the fourth-rank tensor representing the
anisotropic tangent modulus are completely independent
of the specific collagen fiber model chosen. This implies
that a modification of fiber stress–strain law requires no
reformulation of the constitutive tangent matrix, making
the model very flexible for different types of soft tissues.
This is not the case with constitutive models represented
by Eq. 1.

In the Examples section that follows, two collagen
stress-strain models are used. The first is the rule
adopted by Billiar and Sacks (2000b) for aortic valve
tissue; it being,

rðkÞ ¼ A
�
eBðk2�1Þ=2 � 1

�
; ð41Þ

thus the two required terms in Eq. 40 are

reðkÞ ¼ Ak�1
�
eBðk2�1Þ=2 � 1

�
and

EtðkÞ ¼ ABkeBðk2�1Þ=2:
ð42Þ

As an alternative to this phenomenological model, we
also employ the structural model of Freed and Doehring
(2005) that is based on the physiology of crimped col-
lagen fibers. An adaptation of their algorithm is given in
Appendix 3 (see Algorithm 1). Specifically, given a fiber
stretch k, this model returns the stress r/k and tangent
modulus dr/dk of the fiber. There are four physiological
parameters (material constants defined at the top of the
algorithm) that the user must supply.

To implement either of these two models in finite
elements, or any other model for that matter, it is suf-
ficient to change the lines of code corresponding to the
scalar values Et(k) and re(k). This opens up the possi-
bility of coding the material model once and selecting an
appropriate fiber model with a passed parameter.

6 Examples

We offer our invariant theory as a computationally
efficient alternative to statistical structural models of
the type represented by Eq. 1.

In the examples that follow, we match Eq. 31 to
biaxial data for fresh aortic valve tissue. These data were
generously supplied by Dr. Sacks from the Engineered
Tissue Mechanics Laboratory at the University of
Pittsburgh, and have been reported on elsewhere (Billiar
and Sacks 2000a). In the first example, we adopt an
exponential fiber stress–strain rule—the same phenome-
nological model used by (Billiar and Sacks 2000b). In the
second example, we adopt a structurally based collagen
fiber model recently derived by Freed and Doehring
(2005).

The original data were provided in the format of
Lagrangian membrane tension; that is, force per unit
reference length. To characterize the constitutive
model, it was necessary to convert the data to

Lagrangian stress. Thus, a thickness of 0.6 mm was
assumed. It must also be noted that these data do not
comprise a complete biaxial set, in the sense that there
were finite off-axis deformation terms (i.e.,
F12 6¼ F21 6¼ 0; cf. Fig. 4) with no concomitant mea-
surement of an off-axis stress. As such, it was neces-
sary to convert Eq. 31 into its first Piola-Kirchhoff
stress (i.e. P=FS) counterpart for parameter
estimation.

An adaptive grid refinement (AGR) global optimiza-
tion algorithm was implemented in Mathematica (Wol-
fram Research Incorporated, Champagne, IL, USA),
using a commercially available global optimization
algorithm (Global Optimization, Loehle Enterprises,
Naperville, IL, USA) (Doehring et al. 2004). Parameters
were simultaneously fit to five separate biaxial load
protocols, corresponding to fiber-to-cross-fiber mem-
brane stress ratios of 30:60, 45:60, 60:60, 60:45, and
60:30 N/m. These were the same protocols used to fit the
data in the original publications by Billiar and Sacks
(2000a, b). During the estimation process, the mem-
branes were considered to be incompressible, and the
shear modulus pertaining to the isotropic response was
set to zero. The objective function for the global mini-
mum was defined as

error ¼
X5
j¼1

PNj

i¼1

�
Pmodel
11 � Pdata

11

�2
ijPNj

i¼1

�
Pdata
11

�2
ij

0
BB@

þ

PNj

i¼1

�
Pmodel
22 � Pdata

22

�2
ijPNj

i¼1

�
Pdata
22

�2
ij

1
CCA;

ð43Þ

Fig. 4 Mapping of a unit square to the current configuration,
corresponding to the last data point of each of the seven protocols
of Billiar and Sacks (2000a). Note that there exist finite F12 6¼ F21

terms
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Fig. 5 Constitutive model fit to biaxial data from fresh aortic valve
tissue: exponential fiber stress–strain rule (left: fiber direction, right:
cross-fiber direction). Dots are the original data. Solid lines are

from our constitutive model Eqs. 31 and 42. Dashed lines are from
the statistical model in Eq. 44 with Eq. 45 for the stress/stretch law
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where P11 corresponds to the fiber direction, P22 corre-
sponds to the cross-fiber direction, and Nj represents the
number of data points for the jth protocol.

6.1 Exponential fiber model

In this example, we specifically compare our constitutive
model to both the data and to a statistical structural
model with an exponential fiber stress that was proposed
in Billiar and Sacks (2000b) and implemented by Ein-
stein (2002) whose fiber stress is

Sf ¼ J
�2
3 DEV

Zp=2

�p=2

Sf ðh; �CÞRðhÞa0 � a0ðhÞdh

2
64

3
75; ð44Þ

where the fiber stress–strain law Sf ðh; �CÞ and the prob-
ability density function R(h) are given by

Sf h; �C
� �

¼ A eB a0ðhÞ� �Ca0ðhÞ�1
� �

=2 � 1

� 	
and

RðhÞ ¼
exp �h2=2r2
� �
r
ffiffiffiffiffiffi
2p
p : ð45Þ

The fiber stress re(k) for Eq. 31 is given by Eq. 42.
Optimized parameters for the constitutive model

based on our new invariant theory (Eqs. 31, 42) were:
A=0.007, B=21.6, and 1 ¼ 0:795 when fit against the
data presented in Fig. 5. Parameters for the constitu-
tive model based on the statistical structure of Eqs. 44
and 45 were: A=0.045, B=21.0, and r=0.192. Al-
though the units for r in Eq. 45 are radians, our 1
parameter in Eq. 19 is not strictly an angle. To force
the consistency constraint lim1!0 Qjð1ÞQT ¼ a0� a0
required us to introduce a scaling factor of
1=erf

�
p=2

ffiffiffi
2
p

1
�
into R(h).

Overall, the fit was quite good for both models (see
Fig. 5). The error calculated via Eq. 43 for the invariant
model of Eqs. 31 and 42 was 0.40, as opposed to an error
of 0.45 for the model of Eqs. 44 and 45. On average,
Eqs. 31 and 42 tended to fit the fiber-direction stress
slightly better, while Eqs. 44 and 45 tended to fit the cross-
fiber stress slightly better. With regard to our constitutive
model only, the toe-region of the stress–strain curve
(commonly viewed as a transition between the extinction
of collagen crimp and the linear behavior of straightened
collagen) was slightly under-predicted in the fiber direc-
tion and over-predicted in the cross-fiber direction.

6.2 Crimped collagen model

Because the modulus Et(k) and stress re(k) are generic
scalar components of the anisotropic tangent modulus in
Eq. 40, we are free to adopt any reasonable fiber stress–
strain rule, without making the complexity due to tan-

gent modulus construction prohibitive. This is a desir-
able precondition for finite-element analysis.

As our second example, consider the micro-structur-
ally based collagen fiber stress–strain rule based on the
physiology of crimped collagen fibers that was recently
proposed by Freed and Doehring (2005) (Algorithm 1 in
Appendix 3). This is an algorithm for the elastic
response of crimped collagen fibers, based on the
observation that fibril crimp has a three-dimensional
structure at the micrometer scale whose geometry can be
approximated as a cylindrical helix. For pre-failure
analysis, the model is defined in terms of three physio-
logical parameters: the initial normalized wavelength of
the crimp H0=r0; the initial normalized amplitude of the
crimp R0=r0; and the elastic modulus of the collagen
fiber in the linear region Ef. Parameters H0 and R0 are
normalized with respect to fibril radius r0.

Values for these parameters were estimated at:
H0=r0 ¼ 14:4; R0=r0 ¼ 2:19; Ef= 10.6 MPa, and
1 ¼ 0:768: Overall, the fit of this variation of our con-
stitutive model was excellent (see Fig. 6), with an error
of 0.37. Only the predictions for the sixth protocol have
a significant difference from the data.

7 Finite-element implementations

Equation 31 and Algorithm 1 from Appendix 3 were
implemented into Adina (Adina R&D Inc., Watertown,
MA, USA) where a two-field pressure/displacement
interpolation is employed (Sussman and Bathe 1987).
Using this compute engine, numeric experiments were
performed to demonstrate the effect that splay has on
the predicted state of stress. The results are shown in
Fig. 7. Values for the material constants used to con-
struct this figure were the same as those used in Fig. 6,
except for the splay variable 1 (see Fig. 2) which is varied
in Fig. 7. Equibiaxial extensions were imposed for
deformations up to F11 ¼ F22 ¼ 1:4:

Additionally, Eq. 31 and Algorithm 1 from Appendix
3 were both implemented into LS-DYNA (Livermore
Software Technology Corporation, Livermore, CA,
USA), where a mean-dilation pressure/displacement
interpolation was imposed. Using this compute engine,
we simulated a dynamic in vacuo bioprosthestic aortic
valve model. A total of 5,400 C1 brick elements were
used. Principle fiber angles were circumferential. Fixed
displacement and rotation boundary conditions were
applied to three sides of each leaflet. Pressure, applied on
the ventricular face, was ramped from 0 kPa to 0.5 kPa
(3.5 mmHg) then decreased linearly to �10 kPa
(80 mmHg). Pinball segment-based contact, with
warped segment checking and a search depth of 3, was
defined between the three leaflets. The identical simula-
tion, adopting the same fiber model (Algorithm 1 from
Appendix 3), was run with a constitutive model based on
the statistical structure of Eq. 45 and the Gaussian from
Eq. 44. Material constants were the same except for the
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Fig. 6 Constitutive model fit to biaxial data from fresh aortic-valve
tissue: fiber crimp stress–strain rule (left: fiber direction, right:
cross-fiber direction). Dots are the original data. Solid lines are our

constitutive model Eq. 31 using Algorithm 1 from Appendix 3 for
the stress/stretch law
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splay variable, which was set to 0.192, consistent with
previous estimations. LS-DYNA is primarily an explicit
code, thus the time step is governed by the speed of
sound in the tissue, which in the context of nonlinear
continuum mechanics is a function of the current
deformation field. To facilitate a comparison of the
computational efficiency of the two formulations, the
sound speed was set to c2 ¼ ðjþ Ef Þ=q for both simu-
lations. Therefore, differences in CPU time between the
two material-model simulations were the result of com-
putational efficiency alone.

Figure 8 shows the fully opened and fully closed con-
figurations of solutions based on Eq. 31 and Algorithm 1
from Appendix 3 (see 8A, B), and on Eqs. 44 and 45 with
the fiber model from Algorithm 1 from Appendix 3 (see
8C, D). The deformed configurations and maximum
principle stresses between the twomodels are comparable.
CPU times were 6,424 s for the invariant formulation and
16,968 s for the integrated statistical model. Both simu-
lations were run on a Linux machine with a 2.4 GHz
Pentium IV processor and 2 GB of memory. Thus, our
invariant formulation for fiber dispersion ran 2.64 times
faster than the simulation based on integrated splay.

Fig. 8 A comparison of two bioprosthetic valve simulations: one based on the invariant formulation (A , B), the other based on classical
integrated splay (C, D). The invariant formulation was 2.65 times faster
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A were the same as those used to obtain Fig. 6, condition B is the
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8 Conclusion

We have proposed an efficient, invariant-based alterna-
tive to structural constitutive equations that accounts
for a statistical dispersion of fibers. In contrast to
existing models, our new invariant theory easily handles
a 3D fiber population with a single mean preferred
direction. The invariant theory is based on a novel
closed-form ‘splay invariant’ that requires a single
parameter in the 2D case, and two parameters in the 3D
case. The proposed model fits biaxial data for aortic
valve tissue better than existing aortic valve models. A
modification in the fiber stress–strain law requires no
reformulation of the constitutive tangent matrix, making
the model flexible for different types of soft tissues. Most
importantly, the model is computationally expedient in a
finite-element analysis.
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Appendices

The primary reason for adopting a Gaussian distribution
to describe fiber splay is that the corresponding stiffness
matrix j can be computed analytically. Alternatively,
Hurschler et al. (1997) have employed a von Mises dis-
tribution for splay in conjunction with a Weibull distri-
bution for crimp that they collectively solve numerically.

1. A two-dimensional splay

We recall that our local coordinate system was chosen so
that

a0½ �½ �i¼
1
0
0

8<
:

9=
;; ef

� � 
i¼

cos h
sin h
0

8<
:

9=
;; ð46Þ

and as such

ef � ef
� � 

ij¼
cos2 h sin h cos h 0

sin h cos h sin2 h 0
0 0 0

2
4

3
5; ð47Þ

which leads to an expression for Eq. 16 that can be
solved analytically; it being,

jð1Þ½ �½ �ij¼
j11 0 0

0 j22 0

0 0 0

2
64

3
75; ð48Þ

where the two non-zero stiffness components have val-
ues of

j11¼
1

2

þ
e�21

2

erf pþ i412
� �

=2
ffiffiffi
2
p

1
� �

þerf p� i412
� �

=2
ffiffiffi
2
p

1
� �� 

4erf p=2
ffiffiffi
2
p

1
� � ;

ð49Þ

and

j22¼
1

2

�
e�21

2

erf pþ i412
� �

=2
ffiffiffi
2
p

1
� �

þerf p� i412
� �

=2
ffiffiffi
2
p

1
� �� 

4erf p=2
ffiffiffi
2
p

1
� � ;

ð50Þ

wherein i¼
ffiffiffiffiffiffiffi
�1
p

is the unit imaginary number. The sum
of two error functions whose arguments are complex
conjugates, i.e., erf(x + i y) + erf(x � i y), produces a
real result, and as such, j11 and j22 are both real
numbers.

2. Three-dimensional splay

Here, the formulation is somewhat different; specifically,

a0½ �½ �i¼
1

0

0

8><
>:

9>=
>;; ef

� � 
i¼

cos h

sin h cos /

sin h sin /

8><
>:

9>=
>;; ð51Þ

and as such

ef �ef
� � 

ij

¼
cos2 h sin hcos hcos/ sin hcos hsin/

sin hcos hcos/ sin2 hcos2 / sin2hsin/cos/

sin hcos hsin/ sin2 hsin/cos/ sin2 hsin2/

2
64

3
75;

ð52Þ

which leads to an expression for Eq. 17 that can be
solved analytically; it being,

jð1Þ½ �½ �ij¼
j11 0 0

0 j22 0

0 0 j33

2
64

3
75; ð53Þ

where the two non-zero stiffness components have val-
ues of

j11¼
1

2

þ
e�21

2

erf pþi412
� �

=2
ffiffiffi
2
p

1
� �

þerf p�i412
� �

=2
ffiffiffi
2
p

1
� �� 

4erf p=2
ffiffiffi
2
p

1
� � ;

ð54Þ
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which is the same as Eq. 49, and

j22¼ j33¼
1

4

�
e�21

2

erf pþ i412
� �

=2
ffiffiffi
2
p

1
� �

þ erf p� i412
� �

=2
ffiffiffi
2
p

1
� �� 

8erf p=2
ffiffiffi
2
p

1
� � ;

ð55Þ

where this value for j22 is exactly half that of the 2D case
(Eq. 50, wherein j33=0) but here j33¼ j22:

3. Collagen model

A micro-structural model based on the physiology of
crimped collagen fibers was recently derived by Freed
and Doehring (2005) that we have altered to meet our
needs (see Algorithm 1); specifically, given a fiber stretch
k, this model returns the engineering stress r/k and
tangent modulus dr/dk of the fiber. There are four
physiological parameters (material constants defined at
the top of the algorithm) that the user must supply; three
if failure is not to be considered.

A typical pair of response curves are plotted in Fig. 9.
The discontinuity observed in the dr/dk curve indicates
that the model presented in Algorithm 1 predicts a stress
r response that is continuous and differentiable in
stretch k up to fiber failure, which is not depicted in this
figure. The values assigned to the model to obtain these
curves were H0=r0 ¼ 27:5; R0=r0 ¼ 2; and Ef=45 MPa,
which results in a transitional stretch K of 1.1. This is
but one example of a fiber stress/stretch model.

Algorithm 1

Given H0/r0, Ef and ku, where H0 is the initial wavelength
of crimp, R0 is the initial amplitude of crimp, r0 is the

initial fibril radius, Ef is the elastic modulus of the fiber in
the linear region, and ku is its ultimate stretch, then:

Set r0=1 so that H0 ” H0/r0 & R0 ” R0/r0
Compute the constant parameters: L0 ¼

�
ð2pR0Þ2þ

H2
0

�1=2
; K ¼ L0=H0\ku; Es ¼ Ef H0=fH0 þ ½1þ 37=6p2þ

2ðL0=pr0Þ2�ðL0 � H0Þg; where L0 is the chord length of
helix over one wavelength, while K is the stretch and Es is
the secant modulus at the transition between the toe and
linear regions.

If k £ K Then

n¼ 6ðpr0Þ2½K2þð4p2�1Þk2�k=
�
Kf3H2

0 ðK2�k2Þ½3K2

þð8p2�3Þk2�þ8ðpr0Þ2½10K2þð3p2�10Þk2�g
�
;

dn=dk¼f18H2
0 ðpr0Þ2½3K6þð28p2�3ÞK4k2

þð32p4�8p2�3ÞK2k4þð32p4�20p2þ3Þk6�

þ48ðpr0Þ4½10K4þð117p2�20ÞK2k2þð12p4

�43p2þ10Þk4�g=
�
Kf3H2

0 ðK2�k2Þ½3K2

þð8p2�3Þk2�þ8ðpr0Þ2½10K2þð3p2�10Þk2�g2
�
;

r=k¼ nEsðk�1Þ=k &

dr=dk¼Es½nþðk�1Þdn=dk�

Else If K £ k £ ku Then

r=k ¼ EsðK� 1Þ=kþ Ef ðk� KÞ=k & dr=dk ¼ Ef

Else Fibril Failure

r=k ¼ 0 & dr=dk ¼ 0:

Return r/k and dr/dk.

4. Voigt notation for dyadic products of tensors

Because the Lagrangian fields for stress Sij and strain Eij,
i,j=1,2,3, are symmetric tensors, it is customary to
express their components as six-dimensional arrays Sa

and Ea, a=1,2,...,6 (Belytschko et al. 2000, pp 615–618).
These arrays are not vector fields in the sense that they
do not obey the tensor-transformation law; nevertheless,
they have proven to be very useful in the employ of finite
elements.

A linear approximation for stress increment d Sij

relates to the strain increment dEij ¼ 1
2 dCij in the

Lagrangian frame through

dSij ¼ Cijk‘dEk‘ with Cijk‘ ¼
@Sij

@Ek‘

) dSa ¼ CabdEb; ð56Þ

where the tangent modulus C has a Voigt represen-
tation of
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Fig. 9 Typical soft-tissue response curves for r / k and dr / dk

114



C½ �½ �ab¼

C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66

2
6666666664

3
7777777775

¼

C1111 C1122 C1133 C1112 C1113 C1123

C2211 C2222 C2233 C2212 C2213 C2223

C3311 C3322 C3333 C3312 C3313 C3323

C1211 C1222 C1233 C1212 C1213 C1223

C1311 C1322 C1333 C1312 C1313 C1323

C2311 C2322 C2333 C2312 C2313 C2323

2
6666666664

3
7777777775
; ð57Þ

with Cab 6¼Cba unless the Cijk‘ possess major symmetry
Cijk‘¼Ck‘ij:The tangent modulus always possesses minor
symmetries Cijk‘¼Cij‘k¼Cjik‘¼Cji‘k because of the
inherent symmetries in Sij and Cij. Major symmetry fol-
lows automatically if stress Sij is given by some potential
function F such that Sij¼@F =@Eij;as in hyperelasticity.

Three dyadic products of tensor fields arise natu-
rally when deriving tangent moduli, in the sense of
Eqs. D1 and D2. Of these three, there are two fun-
damental dyadic products that we denote as A� B
and A�B; we call them the outer- and inner-dyadic
products, respectively, or the circle- and box-products
for short, wherein A and B are taken to be symmetric
fields. The third dyadic product, denoted as A�A; is
a special case of the inner-dyadic product A�A
wherein both arguments are the same tensor field—in
this case, A. We know of no publication where A�B
has been defined as we use it, which is the main
reason for writing this appendix.

The circle product A� B is well known and has
components

ðA� BÞijk‘ ¼
1

4

�
AijBk‘ þ AijB‘k þ AjiBk‘ þ AjiB‘k

�

 AijBk‘; ð58Þ

which reduce down to the simple expression ðA� BÞijk‘ ¼
AijBk‘ as a consequence of A and B being symmetric. This
dyadic product has the simple Voigt notation of

A�B½ �½ �ab

¼

A11B11 A11B22 A11B33 A11B12 A11B13 A11B23

A22B11 A22B22 A22B33 A22B12 A22B13 A22B23

A33B11 A33B22 A33B33 A33B12 A33B13 A33B23

A12B11 A12B22 A12B33 A12B12 A12B13 A12B23

A13B11 A13B22 A13B33 A13B12 A13B13 A13B23

A23B11 A23B22 A23B33 A23B12 A23B13 A23B23

2
666666664

3
777777775
:

ð59Þ

Matrix ðA� BÞab is not symmetric unless A = B;
however, ðA� BÞ þ ðB�AÞ does yield a symmetric

matrix in Voigt notation. This is because A� B possesses
minor symmetry, but not major symmetry, therefore
ðA� BÞab 6¼ ðA� BÞba; in general. The box product
A�B is a new dyadic product that we define by the sum

ðA�BÞijk‘ ¼
1

4

�
AikBj‘ þ Ai‘Bjk þ AjkBi‘ þ Aj‘Bik

�
; ð60Þ

and possesses minor and major symmetries, therefore
ðA�BÞab ¼ ðA�BÞba; consequently, the box product
commutes, viz., A�B ¼ B�A: A special case that
arises frequently in practice is when both tensor argu-
ments of this product are the same. This dyadic product
is well known and has its own notation of A�A (cf.,
Holzapfel (2000, pg. 254)) with components

ðA�AÞijk‘ ¼
1

2

�
AikAj‘ þ Ai‘Ajk

�
: ð61Þ

The Voigt representation of ðA�BÞab has the fol-
lowing symmetric matrix components:

ðA�BÞ11 ¼ A11B11;

ðA�BÞ12 ¼ A12B12;

ðA�BÞ13 ¼ A13B13;

ðA�BÞ14 ¼ 1
2

�
A11B12 þ A12B11

�
;

ðA�BÞ15 ¼ 1
2

�
A11B13 þ A13B11

�
;

ðA�BÞ16 ¼ 1
2

�
A12B13 þ A13B12

�
;

ðA�BÞ22 ¼ A22B22;

ðA�BÞ23 ¼ A23B23;

ðA�BÞ24 ¼ 1
2

�
A12B22 þ A22B12

�
;

ðA�BÞ25 ¼ 1
2

�
A12B23 þ A23B12

�
;

ðA�BÞ26 ¼ 1
2

�
A22B23 þ A23B22

�
;

ðA�BÞ33 ¼ A33B33;

ðA�BÞ34 ¼ 1
2

�
A13B23 þ A23B13

�
;

ðA�BÞ35 ¼ 1
2

�
A13B33 þ A33B13

�
;

ðA�BÞ36 ¼ 1
2

�
A23B33 þ A33B23

�
;

ðA�BÞ44 ¼ 1
4

�
A11B22 þ 2A12B12 þ A22B11

�
;

ðA�BÞ45 ¼ 1
4

�
A11B23 þ A13B12 þ A12B13 þ A23B11

�
;

ðA�BÞ46 ¼ 1
4

�
A12B23 þ A13B22 þ A22B13 þ A23B12

�
;

ðA�BÞ55 ¼ 1
4

�
A11B33 þ 2A13B13 þ A33B11

�
;

ðA�BÞ56 ¼ 1
4

�
A12B33 þ A13B23 þ A23B13 þ A33B12

�
;

ðA�BÞ66 ¼ 1
4

�
A22B33 þ 2A23B23 þ A33B22

�

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð62Þ

while the Voigt representation of ðA�AÞab has sym-
metric matrix components:
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ðA�AÞ11 ¼ A2
11;

ðA�AÞ12 ¼ A2
12;

ðA�AÞ13 ¼ A2
13;

ðA�AÞ14 ¼ A11A12;

ðA�AÞ15 ¼ A11A13;

ðA�AÞ16 ¼ A12A13;

ðA�AÞ22 ¼ A2
22;

ðA�AÞ23 ¼ A2
23;

ðA�AÞ24 ¼ A12A22;

ðA�AÞ25 ¼ A12A23;

ðA�AÞ26 ¼ A22A23;

ðA�AÞ33 ¼ A2
33;

ðA�AÞ34 ¼ A13A23;

ðA�AÞ35 ¼ A13A33;

ðA�AÞ36 ¼ A23A33;

ðA�AÞ44 ¼ 1
2

�
A11A22 þ A2

12

�
;

ðA�AÞ45 ¼ 1
2

�
A11A23 þ A13A12

�
;

ðA�AÞ46 ¼ 1
2

�
A12A23 þ A13A22

�
;

ðA�AÞ55 ¼ 1
2

�
A11A33 þ A2

13

�
;

ðA�AÞ56 ¼ 1
2

�
A12A33 þ A13A23

�
;

ðA�AÞ66 ¼ 1
2

�
A22A33 þ A2

23

�
;

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð63Þ

wherein terms on the right-hand side are tensor com-
ponents while those on the left-hand side are the Voigt
components. Obviously, � and � are different products.

Example

The theory of linear elasticity has stress components

S1 ¼ S11 ¼ kðE1 þ E2 þ E3Þ þ 2lE1;

S2 ¼ S22 ¼ kðE1 þ E2 þ E3Þ þ 2lE2;

S3 ¼ S33 ¼ kðE1 þ E2 þ E3Þ þ 2lE3;

S4 ¼ S12 ¼ lE4;

S5 ¼ S13 ¼ lE5;

S6 ¼ S23 ¼ lE6;

8>>>>>>>><
>>>>>>>>:
where

E1 ¼ E11;

E2 ¼ E22;

E3 ¼ E33;

E4 ¼ 2E12;

E5 ¼ 2E13;

E6 ¼ 2E23;

8>>>>>>>><
>>>>>>>>:
and as such, its tangent modulus is readily determined to
be

ðCÞab ¼ kðI� IÞab þ 2lðI� IÞab;

wherein k and l are the elastic moduli, and where

I½ �½ �a¼

1

1

1

0

0

0

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

; I� I½ �½ �ab¼

1 1 1 0 0 0

1 1 1 0 0 0

1 1 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

8>>>>>>>><
>>>>>>>>:

3
777777775
;

I� I½ �½ �ab¼

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1=2 0 0

0 0 0 0 1=2 0

0 0 0 0 0 1=2

8>>>>>>>><
>>>>>>>>:

3
777777775

The 1
2’s in ðI� IÞab are offset by the 2’s present in Eb.
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